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1 Introduction

Let f(z) = >0, a;x% € Z[x] with eacha; nonzero and withl, > d,_; > -+ > d; > dy = 0.
For simplicity, we refer to the degrek of f(z) asn. Observe that + 1 is the number of terms

of f(z). We suppose both > 1 andr > 0. The height/, as usual, denotes the maximum of the
absolute values of the;.

The lattice base reduction algorithm of A. K. Lenstra, H. W. Lenstra, Jr., and L. Lovasz [4]
gives a factoring algorithm that runs in time that depends polynomialljog#f andn. This
clearly serves also as an irreducibility test fgrz). One problem we address in this paper is the
somewhat different issue of describing an irreducibility algorithm for sparse polynomials, that is
wherer is small compared ta. We view the input as being the list of+- 1 coefficientsy; together
with the list of r + 1 exponentst;. With this in mind, the input is of sizé&(r(log H + logn)).

We give an algorithm for this problem that runs in time that is polynomi&bgm for given fixed
values ofr and H.

For f(z) € Q[z], we definef = 2" f(1/x). We say thatf () is reciprocalif f(z) = +f(z).
Otherwise, we say thaf(x) is nonreciprocal. We note thdtz) is reciprocal if and only if the
condition f(«) = 0 for o € C implies thata # 0 and f(1/a) = 0. Our methods require the
additional assumption thdtx) is nonreciprocal. We establish the following.

Theorem A. There are constants, = ¢;(r, H) andcy = c»(r) such that an algorithm exists for
determining whether a given nonreciprocal polynomfigt) € Z[z| as above is irreducible and
that runs in timeO (c; - (log n)®2).

The result relies heavily on some recent work by E. Bombieri and U. Zannier described by the
latter in an appendix of [8]. Alternatively, we can make use of [1], work by these same authors and
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D. Masser, which describes a new simplified approach of the previous work. The other main ingre-
dients are the second author’s application of the work of Bombieri and Zannier, given originally in
[7], and the authors’ joint work in [2].

The constants; andc, can be made explicit. In particular, our arguments easily give that one
can taker, = (2 + ¢)4/r/log(r + 1) for any fixede > 0. On the other hand; depends on some
effectively computable constants that are not explicitly given in the appendix of [8] or in [1]. We
therefore do not address this issue further here.

The algorithm will give, with the same running time, some information on the factorization of
f(z) in the case thaf(x) is reducible. Specifically, we have the following:

(i) If f(x) has a cyclotomic factor, then the algorithm will detect this and outpuh.an Z*
such that the cyclotomic polynomid},, (=) divides f(x).

(i) If f(z) does not have a cyclotomic factor but has a non-constant reciprocal factor, then the
algorithm will produce such a factor. In fact, the algorithm will produce a reciprocal factor
of f(x) of maximal degree.

(iii) Otherwise, if f(x) is reducible, then the algorithm outputs a complete factorizatiof{.of
as a product of irreducible polynomials ov@r

The algorithm for Theorem A will follow along the lines given above. First, we will ched if)

has a cyclotomic factor. If it does, the algorithm will produeeas in (i) and stop. If it does

not, then the algorithm will check if(x) has a non-cyclotomic non-constant reciprocal factor. If

it does, then the algorithm will produce such a factor as in (ii) and stop. If it does not, then the
algorithm will output a complete factorization ¢fx) as indicated in (iii).

We note that the running time estimate for Theorem A can be improved if a more efficient ap-
proach can be found for determining whetlfér) has a cyclotomic factor. Indeed, the remainder
of the algorithm for Theorem A runs in tim@(c3 log n) for somecs = c;3(r, H).

Our approach can be modified to show that(it:) € Z[z] is nonreciprocal and reducible, then
f(z) has a non-trivial factor itZ|x] containingO(c4) terms where, = ¢,(r, H). We note that the
results of [6] imply that iff (x) also does not have a reciprocal factor, then every factgs.of in
Zlx] containsO(c,) terms.

In the case thaf(x) € Z[z] is reciprocal, one can modify our approach to obtain some infor-
mation on the factorization of (). Define the nonreciprocal part ¢fx) to be the polynomial
f(z) removed of its irreducible reciprocal factorsZnz| with positive leading coefficients. Then
in the case thaf(x) is reciprocal, one can still determine in tific; log n) whether the nonre-
ciprocal part off (z) is irreducible. Furthermore, in tim@(c; (log n)*2) as in Theorem A, one can
determine whethef(z) has a cyclotomic factor and, if so, an integerfor which ®,,(z) divides
f(@).

In addition, we address the problem of computing the greatest common divisor of two sparse
polynomials. For nonzerg(z) and g(x) in Z[x], we use the notatiogcd,(f(z), g(z)) to de-
note the polynomial irZ|x] of largest degree and largest positive leading coefficient that divides
f(z) andg(z) in Z[z]. Later in the paper, we will also make use of an analogous definition for
ged,(f, 9) wheref andg are inZzy, ..., z,]. In this case, we interpret the leading coefficient as
the coefficient of the expressiaff' z5* . .. z¢~ with e; maximal, there, maximal givene;, and so
on. Our main result for the greatest common divisor of two sparse polynomials is the following.



Theorem B. There is an algorithm which takes as input two polynomjdls) and g(x) in Z[z],
each of degreec n and height< H and having< r + 1 nonzero terms, with at least one ffz)
and g(x) free of cyclotomic factors, and outputs the valugyat, (f(z), g(x)) and runs in time
O(c5logn) for some constant; = c¢5(r, H).

Our approach will imply that iff (), g(z) € Z[z] are as above witlf(x) or g(z) not divisible
by a cyclotomic polynomial, theged, (f(z), g(x)) hasO(cs) terms wherers = c4(r, H). The
same conclusion does not hold if one omits the assumption that githgor ¢g(x) is not divisible
by a cyclotomic polynomial. The following example, demonstrating this, was originally noted in
the related work of the second author [9]. kedndb be relatively prime positive integers. Then

(2% —1)(2® — 1).

ged (2 =1, (2 = 1)(z" — 1)) = =———~

In connection with Theorem B, we note that D. A. Plaisted [5] has shown that computing
ged, (f(x), g(x)) for general sparse polynomiaf§z) andg(zx) in Z[z] is at least as hard as any
problem in NP. On the other hand, his proof relies heavily on considering polynojitialsand
g(x) that have cyclotomic factors. To contrast, our proof of Theorem B will rest heavily on the fact
that one off (z) or g(x) does not have any cyclotomic factors.

Our proof of Theorem A will rely on Theorem B. In fact, Theorem B is where we make use
of the work of Bombieri and Zannier already cited. It would be possible to prove Theorem A in a
slightly more direct way, for example by making use of Theorem 80 in [8] instead of Theorem B
and Theorem 1 below. This does not avoid the use of the work of Bombieri and Zannier since
Theorem 80 of [8] is based on this work. We have chosen the presentation here, however, because
it clarifies that parts of the algorithm in Theorem A can rest on ideas that have been around for
over forty years. In addition, we want the added information given by (i), (ii) and (iii) above as
well as Theorem B itself.

To aid in our discussions, we have used letters for labeling theorems that establish the existence
of an algorithm and will refer to the algorithms using the corresponding format. As examples,
Algorithm A will refer to the algorithm given by Theorem A, and Algorithm B will refer to the
algorithm given by Theorem B. Also, we make use of the notatipp (w(n)) to denote a function
with absolute value bounded hy(n) times a function of- and H. Thus, the running time for
Algorithm A and Algorithm B can be expressed@sy ((log n)*2) andO,. i (logn), respectively.

2 The Proof of Theorem A

The following result is due to the authors [2].

Theorem C. There is an algorithm that has the following property: giv&i) = Z;:() a;x% €
Z[z] of degreen > 1 and withr + 1 > 1 terms, the algorithm determines wheth@&r:) has a

cyclotomic factor and with running time

(1) < exp ((2+ o(1))y/r/log(r + 1)(log(r + 1) + loglogn)) log(H + 1)

asr tends to infinity, wheré/ denotes the height gf(z).



The authors note in [2] that the algorithm can produce a value af in (i) with the same
running time. Observe also that the bound given in (I)J@((log n)c2) for an appropriate, as
given in Theorem A.

Algorithm A begins then by taking the input polynomiflz) and applying Algorithm C. If
f(z) has a cyclotomic factor, we obtain as in (i). Asf(x) is not reciprocal,f(x) cannot be a
constant multiple of a cyclotomic polynomial. Hengéy) is reducible and (i) holds.

This part of the algorithm does not actually dependfon) being nonreciprocal. Algorithm C
relies on the fact that if (x) has a cyclotomic factor, then one can determinas in (i) with every
prime divisor ofm being< r + 1. Thus, it would not be difficult to factor. and compute(m) in
the running time required for Theorem A. Onggn ) is computed, then one can determing it:)
is a constant multiple of the cyclotomic polynomdg),(x) by comparings(m) with n.

We suppose now that(x) does not have a cyclotomic factor. The next step in Algorithm A is
to determine whethef(z) has a reciprocal factor. We shall do this by making use of Theorem B,
which we establish in the next section.

We compute

f(x) =z"f(1/z) = Zajxn_dj'

Since f(z) does not have a cyclotomic factor, we can apply Algorithm B to compgte =
ged, (f(x), f(x)). Observe thak(z) is reciprocal and each reciprocal factorfdf:) dividesh(z).
As f(z) is not reciprocal, we must haveegh < deg f. If h(x) is not constant, therf(z) is
reducible,h(z) is a non-constant reciprocal factor ffx) and (i) holds asi(z) is a reciprocal
polynomial of largest possible degree dividifige). Otherwise f(z) does not have a non-constant
reciprocal factor. Theorem B implies that this part of Algorithm A has running timg (log n).

We are now left with considering the case tlfét) does not have any non-constant reciprocal
factor. The basic idea here is to make use of the second author’s work in [6] (see also Theorem

74 in [8]). For a polynomialF'(z1,..., 2, 27 ",...,z; "), in the variablesy, ..., z, and their
reciprocalse; ', ...,z 1, we define
- —1 —1
JF =o' -a) F(xl,...,xr,xl ey X ),

where eachy; is an integer chosen as small as possible so.ttfais a polynomial inzy, . .., z,.
In the way of examples, if

F=2>+42y+¢> and G =2zyw — 2?2z %w — 12w,
then
JF =2 +4y+ay* and JG =2xyz® —2* —122°

In particular, note that although is a variable inG, the polynomial/ G does not involvev. We
call a multi-variable polynomiak'(z1, ..., z,) € Q[x, ..., z,] reciprocalif

JF(z', o a ) = £F (2, ., 20).

»r

For exampleg,z, — x; — x5 + 1 andzix5 — 2324 are reciprocal. Note that this is consistent with
our definition of a reciprocal polynomigl(z) € Z[x].



To motivate the next result and begin our approach, we set
F(zy,...,2.) = a,x, + -+ a121 + a9 € Zlxy, ..., 2]

The plan is to associate the factorizationf¢f) = F(x%,z%, ... z%) with the factorization of a
multi-variable polynomial of the form

JF(y;nn . _y;nu’ o 7y{nr1 .. _ylnrt)7

where the number of variableéds < r andm,; € Zfor1 < i < randl < j < t¢. The above
multi-variable polynomial can be expressed as

mit¢ mr1

(T R T A € T VA S i

Mr¢ )
Y

DY yt
where
(2) u; = —min{my;, moj,...,m,;} forl <j <t.

To make the connection with the factorizationfdf:), we want the matrix\/ = (m;;) to be such
that

®3) | =m

for some integers,, vs, ..., v. In this way, the substitutiop;, = z% for 1 < j < ¢ takes any
factorization

(4) yt ey E ™yt ) = Fr(yn o ye) o Fo(y, - )

inZ[yi, ...,y into the form
(5) gurvrtetue ppd gda gty = Fy(at Lt - Fy(t L at).

We restrict our attention to factorizations in (4) where #@y,, . . ., y;) are non-constant. We will
be interested in the case thais maximal; in other words, we will want the right-hand side of (4)
to be a complete factorization of the left-hand side of (4) into irreducibles@vdtor achieving
the results in this paper, we want some algorithm for obtaining such a complete factorization of
multi-variable polynomials; among the various sources for this, we note that A. K. Lenstra’s work
in [3] provides such an algorithm. For the moment, though, we need not taleximal.
Sincef(z) = F(z®, 2%, ... %), the above describes a factorizationfdf ), except that we
need to take some caution as somenay be negative so the expressidnge™, . . ., ") may not
be polynomials inc. Forl < i < s, definew; as the integer satisfying

(6) JEy(z*, .. x%) = oV E(a™, .. xt™).

We obtain from (5) that

S
muw1+-~-+utvt+w1+~--+wsf(x) _ H 2" Fy (2™ ")
e .
i=1



The definition ofw; implies that this product is over polynomialsZiz] that are not divisible by
x. The conditionszy # 0 andd, = 0 imposed onf(x) in the introduction imply thatf(x) is
not divisible byx. Hence, the exponent af appearing on the left must e and we obtain the
factorization

(7) f(z) = H:):“”E-(:C”l, o) = H JF(x", .02,
i=1 =1

The factorization given in (7) is crucial to our algorithm. As we are interested in the case that
f(z) has no non-constant reciprocal factor, we restrict our attention to this case. From (7), we see
that the polynomials™: F;(z", ..., xz") cannot have a non-constant reciprocal factor. There are,
however, still two possibilities that we need to consider for @ael{1,2, ..., s}:

(") Fi(y1,--..,y:) is reciprocal.
(i) J Fj(z™, ... 2") € Z.

Although we will not need to know a connection betweéhdnd (if), we show here that if i
holds for some, then (ii) does as well. We consider then the possibility that

(8) JFE (', ) = £Fi(. - m)-

In other words, suppose that

9) yit eyt Fi(yr oyt = 2E (),

wheree; = ¢;(7) is the degree of; (v, ..., y:) as a polynomial iry;. Substitutingy; = z*7 into
(9), we obtain

(20) gritervtote f (x_vl, e ,x_”t) = j:xw"FZ-(x”l, o ,a:”t).

By the definition ofw;, the polynomial on the right does not vanishOatAssume (i) does not

hold. Leta be a zero of this polynomial. Then substituting= 1/« into (10) shows that /« is

also a zero. On the other hand, we have already demonstrated in (7) that the right-hand side of (10)
is a factor of f(x). This contradicts thaf(z) has no non-constant reciprocal factor. Hencé), (i
holds.

We make use of a special case of a result due to the second author in [6]. In particular, the more
general result implies that the above idea can in fact always be used to faciof f(x) has two
nonreciprocal irreducible factors. In other words, there exist a mafrandv; satisfying (3) and
a factorization of the form (4) that leads to a non-trivial factorizatiorf @f), if it exists, through
the substitutiory; = x*. We are interested in the case ttfat) has no non-constant reciprocal
factor. In this case, we can obtain a complete factorizatiof(of into irreducibles.

Theorem 1. Fix
F=F(xq,...,2.) = apx, + -+ - + a171 + ay,

where thea; are nonzero integers. There exists a finite computable set of maffiegth integer
H
entries, depending only af, with the following property: Suppose the vector= (d,,d,, . .., d,)



isinZ" withd, > d,_; > --- > d; > 0 and such thatf(z) = F(2%, 2%, ... 2%) has no non-
constant reciprocal factor. Then there isan t matrix A/ = (m;;) € S of rankt < r and a vector
v = (v1,v,...,v,) in Z! such that (3) holds and the factorization given by (4%, . . ., ] of
a polynomial int variablesy, v, . . ., y; @s a product ok irreducible polynomials ove® implies
the factorization off (x) given by (7) as a product of polynomialsZiz| each of which is either
irreducible overQ or a constant.

We are ready now to apply the above to assist us in Algorithm A. As suggested by the statement
of Theorem 1, we take the coefficients of f(z) and consider the multi-variable polynomial
F = F(xy,...,z,). We compute the sef. SinceF is a linear polynomial with- + 1 terms
and heightH, the time required to computgis O, ;(1). Sincef(z) = F(z%,...,z%) has no
non-constant reciprocal factors, there is a mattix= (m;;) € S of rankt < r and a vectory’ in
Z' as in Theorem 1. We go through each of &g, (1) matricesM in S and solve for the vectors

U = (v, v,...,0) INZ satisfyingﬁ> = M7, wheret is the number of columns i/ and we
_>
interpret d and v as column vectors. From the definition $f we have that the rank d¥/ is ¢
H
and¢ < r. Hence, there can be at most one such veotdor each)M € S. However, for eachd ,

there may be many/ € S and @’ for which d = M, and we will consider all of them.
We make use of the following simple result in this section and the next.

Theorem D. There is an algorithm with the following property. Givemaxt integral matrix\/ =
(my;) of rankt < r andmax{|m;;|} = O, x(1) and given an integral vectorl = (dy,...,d,)
with max{|d,|} = O, x(n), the algorithm determines whether there is an integral veator=
(v, ...,v,) for which (3) holds, and if such @’ exists, the algorithm outputs the solution vector
v Furthermoremax{|v;|} = O, z(n) and the algorithm runs in timé,. ; (log n).

Proof. There are a variety of ways we can determindif= M 7 has a solution and to determine
the solution if there is one within the required tirog  (logn). We use Gaussian elimination.
Performing elementary row operations &h and multiplying by entries from the matrix as one
proceeds to use only integer arithmetic allows us to rewtitan the form of ar x ¢ matrix

M' = (mj;) with eachm;; € Z and the first rows of M’ forming at x ¢ diagonal matrix with
nonzero integers along the diagonal. These computations only depend on the entfieendf
hence, take tim®, 5 (1). We perform the analogous row operations and integer multiplications

on the vectorﬁ = (dy,ds,...,d,) to soIveE) = M7 for ¥'. As the entries of\/ are integers
that areO, (1) and eachi; is an integer that i§), ;(n), these operations take tinig. ;(logn).
We are thus left then with an equation of the fottn— M’ where the entries af/’ are integers
that areO,. (1) and the components of = (d},d,, ..., d ) areintegers that ai@, ;(n).
Foreachj € {1,2,...,t}, we check ifd; = 0 (mod m;). hj)or somej € {1,2,...,t} we
haved; # 0 (mod m/;), then a solution to the original equatiah = M/, if it exists, must be
such thaty; ¢ Z. In this case, an integral vectar does not exist. Now, suppose instead that
d; =0 (mod m/;) for everyj € {1,2,...,t}. Then we div_i)de:l;. by m/;; to determine the vector
7. This vector may or may not be a solution to the equatior= M v". We check whether it is by
a direct computation. If itis not a solution to the equatﬁn: M7, then there are no solutions to
the equation. Otherwis@; is an integral vector satisfying = M. Checking whethed; = 0

(mod m/;) for 1 < j < ¢, solving for @’ if it holds, and checking whethed — M7 all takes



time O, i (logn). We also have), ;(n) as a bound for the absolute value of the componenté
o', We outputw’ if it exists which takes tim&, ;(logn). Combining the running times above,
the theorem follows. Ul

Algorithm D is performed for each of th@, (1) matricesM in S. The running time for each
application of Theorem D i®),. i (log n), so the total running time spent applying Algorithm D for
the variousD,. (1) matrices inS is O, g (logn). This leads td), ;(1) factorizations of the form
given in (4) into irreducibles, each having a potentially different valuesfoFor each of these,
we compute the values df;(z, ..., 2*) and determiney; as in (6). We produce thef, (1)
factorizations off(x) as in (7). As we obtain these factorizations, we keep track of the number
of non-constant polynomialswiﬂ-(a:”l, o ,x“t) appearing in (7). We choose a factorization for

which this number is maximal. Recalling that (7) follows frafn= M and (4), we deduce from
Theorem 1 that the factorization ¢fz) we have chosen provides a factorizatiory ¢f ) with each
xwiﬂ(xvl, o ,x”t) either irreducible or constant. Recalling that the polynomialg, ..., ;) in

(4) are independent of and that the components @f are bounded in absolute value ©y ;(n),

we see that producing the factorization ffz) into irreducibles and constants as in (7) takes
time O, g (logn). For a factorization off () into irreducibles ovef), we multiply together the
constants appearing on the right of (7) and one of the irreducible polynonh]ﬁl@c”l, o ,x”t).
This does not affect the bound given for the running time of Algorithm A.

Thus, we have demonstrated an algorithm for Theorem A as stated in the introduction and justi-
fied that the algorithm satisfies the statement of Theorem A as well as (i), (ii) and (iii). Combining
the above running time estimates, we deduce that the algorithm also has the stated running time
bound given in Theorem A.

3 The Proof of Theorem B

As mentioned in the introduction, our proof of Theorem B relies heavily on the recent work of
Bombieri and Zannier outlined by Zannier in an appendix in [8]. In particular, as a direct conse-
guence of their more general work, we have

Theorem 2. Let
F<$1a'"7xk)7G<x17"'7xk> € Q[wlv"'axk}

be coprime polynomials. There exists an effectively computable nuBilers) with the follow-
ing property. Ifu’ = (ui,...,u) € Z*, ¢ # 0is algebraic and

F(&, ... %) =G(E™,...,£") =0,

then eithel is a root of unity or there exists a nonzero vectore Z* having components bounded
in absolute value by3(F, ) and orthogonal tow .

It is important for our algorithm that the quantitiéy F, G) are effectively computable. We
note that the facB(F, G) is effectively computable is not explicitly stated in the appendix of [8],
but U. Zannier (private communication) has pointed out that the approach given there does imply
that this is the case. The more recent paper [1] notes explicitly2h&t ) can be calculated.



Our description of Algorithm B has similarities to the second author’s application of Theorem 2
in [7] and [8]. In particular, we make use of the following lemma which is Corollary 6 in Appendix
E of [8]. A proof is given there.

Lemma 1. Let/ be a positive integer and’ € Z‘ with v nonzero. The lattice of vectorg ¢

Z* orthogonal to@ has a basisv;’, 75, ..., v,—; such that the maximum absolute value of a
component of any vectar;’ is bounded by/2 times the maximum absolute value of a component
of 7.

For our algorithm, we can suppose tlfédt) does not have a cyclotomic factor and do so. We
consider only the case th#t0)g(0) # 0 as computinged,(f(x), g(x)) can easily be reduced to
this case by initially removing an appropriate power:dfom each off(z) andg(x) (that is, by
subtracting the least degree of a term from each exponent). This would need to be followed up by
possibly multiplying by a power of after our gcd computation.

We furthermore only consider the case that the conterft(of, that is the greatest common
divisor of its coefficients, and the content gfx) are 1. Otherwise, we simply divide by the
contents before proceeding and then multiply the final result by the greatest common divisor of the
two contents.

We express our two polynomials in the form

WE

k
f(@) =) az¥ and g(z)= Z bz,
=0

J=0

where above we have possibly extended the lists of exponents and coefficients desfti)ing
and ¢g(z) so that the exponent lists are identical and the coefficient lists are allowed to include
coefficients which ar@. Also, we taked, > dy_; > --- > d; > 0. Thus,d, = 0, agby # 0 and
k < 2r. The time required to modify(z) andg(x) so that they are not divisible by and have
contentl and to adjust the exponent and coefficient lists as abotk iglogn).

Before continuing with the algorithm, we motivate it with some discussion.ul(e) denote
ged, (f(x), g(x)). We will apply Theorem 2 to construct two finite sequences of polynomials in
several variables;,, andG,, with integer coefficients and a corresponding finite sequence of vectors
"d @ that will enable us to determine a polynomialifx] that has the common zeros, to the correct
multiplicity, of f(z) andg(x). This then will allow us to compute(z).

Let ¢ be a zero ofw(z), if it exists. Observe thag # 0, and since€ is a zero off(x) which
has no cyclotomic factors, we hagés not a root of unity. Sinc€ is a common zero of (z) and

g(x), we have
k k
D ai€h =) bt =0,
=0 =0

We recursively construdt,, G, andz(“), for0 < u < s, wheres is to be determined, beginning
with

k k
(11) F :F()(le'l,...,%k) :Zajxj and GO :Go(l'l,...,l'k) :ijl'j.
=0

=0



and d© — (dy,ds, ... ,dx). Asu increases, the number of variables definiigand G, will
decrease. The value sethen will be< k. Observe that

Fy(z™, ... a%) = f(z) and Go(z™,...,2%) = g(x).

We deduce thak, andG, being linear, are coprime @[z, ..., x| and that

(12) Fo(€%, ... &%) = Go(€™, ..., ¢%) =0
Now, suppose for some > 0 that nonzero polynomialg;, andG,, in Z[xy,...,zx,] and a
_)
vector d (W = (dﬁ“), . .,d,(;:)> € Z* have been determined, whetg < k,_1 < --- < ko = k.
Furthermore, suppose that andG, are coprime irQ|xy, . .., zx,] and that we have at least one

zero¢ of w(x) such that

(13) Fu(gdgu),...,gd(u)) (gd(u . gd&)) — 0.

In particular,¢ # 0 and¢ is not a root of unity. Note that thié“) may be negative. We will require

(w) () ()
(14) JE 2y fo) and TG 2% | ga).

Observe that/ F,(x i , T ku) and f(x) are inZ[z]. We take (14) to mean that there is a
polynomialh(z) € Z|x] such that

d(“)

f(x) = (@) - T Fu (b o))

with an analogous equation holding fofz) andJGu(xd§”)7 . ,xdf(cz)). In particular, we want

JF, . 2%y andJ Gy (e, .. 2% to be nonzero. Note that these conditions which
are belng |mposed o, and GG, are satisfied for, = 0 providedw(x) is not constant. For
0 < u < s, we describe next how to recursively constré¢t ; and G, having analogous
properties. The specifics of the algorithm and its running time will be discussed later.

There is a computable bouril F,, G,,) as described in Theorem 2. We deduce that there is a
nonzero vectorw’ = (vy, vy, ..., v, ) € ZF such that eachy;| < B(F,,G,) and @’ is orthogonal
to d ™. From Lemma 1, thereisfa, x (k, — 1) matrix M with each entry of\ having absolute
value< k,B(F,,G,)/2 and such thatd @ = M7T ™ for some T ™ e Zk~! where we view
the vectors as column vectors. We define integerg(written alsom;, ;) andfu](.“), depending on,
by the conditions

myr -0 MY k,—1

Mi,1 - My k,—1

The relations
— gyt y;r:’_’“f* forl1 <i<k,



transform the polynomial$), (x4, ..., zx,) andG,(x1, ..., xx,) into polynomials in some, possi-

bly all, of the variablesy,,...,y,,—1. These new polynomials we caH, andg,,, respectively.
More precisely, we define

(15) Fulyrs - Yna—1) = J Fu(y7m -y ey ety

and

(16) GulYis - Ykae1) = J Gu(y™ -y ey ey,

The polynomialsF, andg, will depend on the matrix\M so that there may be many choices for
F, andg, for eachF, andG,. We need only consider one sug¢fh andg, and do so. Note

that this still may require considering variond until we find one for whichd ™ = M7 ® is
ﬁ

satisfied for somé&’ ™ ¢ Z*~!. The equationd ) = M7’ ™ implies that for some integers

er(u) andey(u) we have

(u) (u) (u) (u)
(17) fu (xvl N ,mvkufl) = xef(u)Fu (xdl s 7$dku )
and

(u) (u) (u) (uw)
(18) Gu (93”1 - ,:v”kufl) = z%W@a, (:Edl L )

In particular,F, andg, are nonzero. Also,

(19) JF etk | f@) and TG, (a7t [ g(a),

Furthermore, witlt as in (13), we have

Fet ety =g, et ety =0

The idea is to suppress the variables, if they exist, which do not occ#, iand G, and the
corresponding components of“ to obtain the polynomials),,; andG,,,; and the vectord (++)
for our recursive construction. However, there is one other matter to consider. The polynomials
F. andg, may not be coprime, and we requif¢,,; andG,, to be coprime. Hence, we adjust
this idea slightly.

Let

(20) Dy = Du(y1, - Yk,—1) = gedy(Fu, Gu) € Zlyr, - - -, Yru—1]-

Recall thatf(0)g(0) # 0. Hence, (17), (18) and (19) imply thatD, (z*1" ..., ") divides
gedy(f, g) in Z[x]. We define

Fulyis ooy Yp,— WY1y Yk
Du(Y1;- - Yru—1)

Du(yh ce 7yku_1)’

and sett,.; < k, — 1 to be the total number of variables, ...,y 1 appearing inF,,; and
G.1. Note thatF, ., andG, ., are coprime and that (14) holds withreplaced by + 1 and the
appropriate change of variables.



We describe next how the recursive construction will end. Suppose we have just constructed

F,, G, and 4™ and proceed as above to the next step of construdiing, G, and o ),
At this point, D,,_; will have been defined but nd2,. We want to findM and a@  such that

d®™ = M7 ™ whereM is ak, x (k, — 1) matrix with entries bounded in absolute value by
k,B(F,,G,)/2. Sowe computd3(F,, G,) and the bound, B(F,, G,)/2 on the absolute values
of the entries ofM. We consider suctM and apply Algorithm D to see if there is an integral

vector 7™ for which d ® = M7 ®. Once such anv and 7 are found, we can proceed
with the construction of, ,; andG,,; given above. On the other hand, it is possible that no such
M and 7™ will be found. Given Theorem 2, this will be the case only if the supposition that
(13) holds for some zer9of w(z) is incorrect. In particular, (13) does not hold for some zgod
w(z) if F, andG,, are coprime polynomials ir: 2 variables (i.e.k, < 1), but it is also possible

that (13) does not hold for somewith F, andG, polynomials in> 2 variables (i.e.k, > 2).
Given thatM is ak, x (k, — 1) matrix, we consider it to be vacuously true thatmoand v

exist satisfyingﬁ(“ M7 ™ inthe case thatt, < 1. If no suchM and @' exist, we consider
the recursive construction of the polynomialsandG, complete and set= u. We will want the
values ofD,, for everyl < u < s — 1, so we save these as we proceed.
The motivation discussed above can be summarized into a procedure to be used for Algorithm B

as follows. Beginning withFy and G, as in (11) andd © = (dy,...,dg), we construct the
multi-variable polynomials?, and G, and vectorsd ) = @d", ... ,d,ﬁ% € Z* recursively.
GivenF,, G, and d @ , we computeB(F,, G,) and search for &, L X (ky — 1) matrixM with
mteger entrles having absolute valgek,B(F,, G, )/2 for which AW = MT® s solvable
with v'( <v§“), . v,i L) € Z*~1. We check for solvablllty and determine the solutiot

if it exists by using Algorlthm D. If no sucbM and v'( eX|st then we set = u and stop our
construction. Otherwise, once such.&f = (m;;) and v’ are determined, we defirg,; and
G471 Using (15), (16), (20) and (21). After using (21) to constrigt; andG, 1, we determine

the variablesy, .. ., yx, 1 Which occur inF,.; andG,,, and defineﬁ utl) as the vector with

corresponding components fronrﬁ”) v,ﬁ“)_l, in other words, ify; is the:th variable occurring

in £, andG 1, thenv§“) is theith component ofd (w+D),
For the running time for this recursive construction, note that for a fixatiere are), 5 (1)
choices forM and, hence, a total @, ;(1) possible values fo¥’, ., andG,,; independent of

the value of d ™. In other words, without even knowing the valuesdof. .., d,, we can use
Theorem 2 to deduce that there are at ni@sy; (1) possibilities forf; andG,. For each of these
possibilities, another application of Theorem 2 implies that there are at@nesil) possibilities
for F, andG,. And so on. Ass < k < 2r, we deduce that the total number of matrices
that we need to consider during the recursive construction is boundébl,zkasll). The recursive

construction depends @mnly when applying Theorem D to seedf® = M ® holds for some
») and to determina’ ™ if it exists. For a fixedM, Theorem D implies that these computations
can be done in tim@,. i (logn). As the total number aM to consider is bounded @y, (1), we

deduce that the recursive construction of e G, andE)(“) takes timeD,. ; (log n).

As we proceed in our recursive construction of theand G,, an important aspect of the
construction is that the:;; are bounded in absolute value By ;(1) and, hence, the coefficients
and exponents appearing iy andG, are bounded by, ;(1). In other words,F,, andG,, can



be written in timeO,. ;(1). Another important aspect of the construction is to note that as we are
e . . . u (u)
dividing by D, to constructf,,; andG, 1, we obtain not simply that D, (x”§ ), e, X R 1)

dividesged,(f, g) in Z[x] but also
(22) H JD; (... 2" 1) divides gedy(f, g) in Z[z].

This can be seen inductively by observing that

(0 f(z)

(23) T FL (Vi) =
J U(j)
HJD oy 51
and
(24) TG (" ath) = 9(x)

i o '
H JD ( ) _1)
Algorithm B ends by making use of the identity

(25) gcdy, (f H JD, (a0 ath),

We justify (25). Recall that we have denoted the left sidedfy). Observe that (22) implies that
the expression on the right of (25) divide$z). By the definition ofs, when we arrive at, = s in
our recursive construction, (13) fails to hold for every zéf w(z). Therefore, takinge = s — 1

in (21), (23) and (24) implies that the right-hand side of (25) vanishes at all the zetds p&and
to the same multiplicity. As noted earlier, we are considering the case that the contgiiig of
andg(z) arel. We deduce that (25) holds. Observe that the computatigrdf (f(z), g(z))
by expanding the right side of (25) involvés (1) additions of exponents of siz@, ;(n). This
computation can be done in tind&. 5 (logn). Theorem B follows.
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