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1 Introduction

Let f(x) =
∑r

j=0 ajx
dj ∈ Z[x] with eachaj nonzero and withdr > dr−1 > · · · > d1 > d0 = 0.

For simplicity, we refer to the degreedr of f(x) asn. Observe thatr + 1 is the number of terms
of f(x). We suppose bothn > 1 andr > 0. The heightH, as usual, denotes the maximum of the
absolute values of theaj.

The lattice base reduction algorithm of A. K. Lenstra, H. W. Lenstra, Jr., and L. Lovasz [4]
gives a factoring algorithm that runs in time that depends polynomially onlog H andn. This
clearly serves also as an irreducibility test forf(x). One problem we address in this paper is the
somewhat different issue of describing an irreducibility algorithm for sparse polynomials, that is
wherer is small compared ton. We view the input as being the list ofr+1 coefficientsaj together
with the list of r + 1 exponentsdj. With this in mind, the input is of sizeO

(
r(log H + log n)

)
.

We give an algorithm for this problem that runs in time that is polynomial inlog n for given fixed
values ofr andH.

For f(x) ∈ Q[x], we definef̃ = xnf(1/x). We say thatf(x) is reciprocal if f(x) = ±f̃(x).
Otherwise, we say thatf(x) is nonreciprocal. We note thatf(x) is reciprocal if and only if the
conditionf(α) = 0 for α ∈ C implies thatα 6= 0 andf(1/α) = 0. Our methods require the
additional assumption thatf(x) is nonreciprocal. We establish the following.

Theorem A. There are constantsc1 = c1(r,H) andc2 = c2(r) such that an algorithm exists for
determining whether a given nonreciprocal polynomialf(x) ∈ Z[x] as above is irreducible and
that runs in timeO

(
c1 · (log n)c2

)
.

The result relies heavily on some recent work by E. Bombieri and U. Zannier described by the
latter in an appendix of [8]. Alternatively, we can make use of [1], work by these same authors and
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D. Masser, which describes a new simplified approach of the previous work. The other main ingre-
dients are the second author’s application of the work of Bombieri and Zannier, given originally in
[7], and the authors’ joint work in [2].

The constantsc1 andc2 can be made explicit. In particular, our arguments easily give that one
can takec2 = (2 + ε)

√
r/ log(r + 1) for any fixedε > 0. On the other hand,c1 depends on some

effectively computable constants that are not explicitly given in the appendix of [8] or in [1]. We
therefore do not address this issue further here.

The algorithm will give, with the same running time, some information on the factorization of
f(x) in the case thatf(x) is reducible. Specifically, we have the following:

(i) If f(x) has a cyclotomic factor, then the algorithm will detect this and output anm ∈ Z+

such that the cyclotomic polynomialΦm(x) dividesf(x).

(ii) If f(x) does not have a cyclotomic factor but has a non-constant reciprocal factor, then the
algorithm will produce such a factor. In fact, the algorithm will produce a reciprocal factor
of f(x) of maximal degree.

(iii) Otherwise, iff(x) is reducible, then the algorithm outputs a complete factorization off(x)
as a product of irreducible polynomials overQ.

The algorithm for Theorem A will follow along the lines given above. First, we will check iff(x)
has a cyclotomic factor. If it does, the algorithm will producem as in (i) and stop. If it does
not, then the algorithm will check iff(x) has a non-cyclotomic non-constant reciprocal factor. If
it does, then the algorithm will produce such a factor as in (ii) and stop. If it does not, then the
algorithm will output a complete factorization off(x) as indicated in (iii).

We note that the running time estimate for Theorem A can be improved if a more efficient ap-
proach can be found for determining whetherf(x) has a cyclotomic factor. Indeed, the remainder
of the algorithm for Theorem A runs in timeO(c3 log n) for somec3 = c3(r,H).

Our approach can be modified to show that iff(x) ∈ Z[x] is nonreciprocal and reducible, then
f(x) has a non-trivial factor inZ[x] containingO(c4) terms wherec4 = c4(r,H). We note that the
results of [6] imply that iff(x) also does not have a reciprocal factor, then every factor off(x) in
Z[x] containsO(c4) terms.

In the case thatf(x) ∈ Z[x] is reciprocal, one can modify our approach to obtain some infor-
mation on the factorization off(x). Define the nonreciprocal part off(x) to be the polynomial
f(x) removed of its irreducible reciprocal factors inZ[x] with positive leading coefficients. Then
in the case thatf(x) is reciprocal, one can still determine in timeO(c3 log n) whether the nonre-
ciprocal part off(x) is irreducible. Furthermore, in timeO

(
c1(log n)c2

)
as in Theorem A, one can

determine whetherf(x) has a cyclotomic factor and, if so, an integerm for which Φm(x) divides
f(x).

In addition, we address the problem of computing the greatest common divisor of two sparse
polynomials. For nonzerof(x) and g(x) in Z[x], we use the notationgcd

Z
(f(x), g(x)) to de-

note the polynomial inZ[x] of largest degree and largest positive leading coefficient that divides
f(x) andg(x) in Z[x]. Later in the paper, we will also make use of an analogous definition for
gcd

Z
(f, g) wheref andg are inZ[x1, . . . , xr]. In this case, we interpret the leading coefficient as

the coefficient of the expressionxe1
1 xe2

2 . . . xer
r with e1 maximal, thene2 maximal givene1, and so

on. Our main result for the greatest common divisor of two sparse polynomials is the following.



Theorem B. There is an algorithm which takes as input two polynomialsf(x) andg(x) in Z[x],
each of degree≤ n and height≤ H and having≤ r + 1 nonzero terms, with at least one off(x)
and g(x) free of cyclotomic factors, and outputs the value ofgcd

Z
(f(x), g(x)) and runs in time

O
(
c5 log n

)
for some constantc5 = c5(r,H).

Our approach will imply that iff(x), g(x) ∈ Z[x] are as above withf(x) or g(x) not divisible
by a cyclotomic polynomial, thengcd

Z
(f(x), g(x)) hasO(c6) terms wherec6 = c6(r,H). The

same conclusion does not hold if one omits the assumption that eitherf(x) or g(x) is not divisible
by a cyclotomic polynomial. The following example, demonstrating this, was originally noted in
the related work of the second author [9]. Leta andb be relatively prime positive integers. Then

gcd
(
xab − 1, (xa − 1)(xb − 1)

)
=

(xa − 1)(xb − 1)

x − 1
.

In connection with Theorem B, we note that D. A. Plaisted [5] has shown that computing
gcd

Z
(f(x), g(x)) for general sparse polynomialsf(x) andg(x) in Z[x] is at least as hard as any

problem in NP. On the other hand, his proof relies heavily on considering polynomialsf(x) and
g(x) that have cyclotomic factors. To contrast, our proof of Theorem B will rest heavily on the fact
that one off(x) or g(x) does not have any cyclotomic factors.

Our proof of Theorem A will rely on Theorem B. In fact, Theorem B is where we make use
of the work of Bombieri and Zannier already cited. It would be possible to prove Theorem A in a
slightly more direct way, for example by making use of Theorem 80 in [8] instead of Theorem B
and Theorem 1 below. This does not avoid the use of the work of Bombieri and Zannier since
Theorem 80 of [8] is based on this work. We have chosen the presentation here, however, because
it clarifies that parts of the algorithm in Theorem A can rest on ideas that have been around for
over forty years. In addition, we want the added information given by (i), (ii) and (iii) above as
well as Theorem B itself.

To aid in our discussions, we have used letters for labeling theorems that establish the existence
of an algorithm and will refer to the algorithms using the corresponding format. As examples,
Algorithm A will refer to the algorithm given by Theorem A, and Algorithm B will refer to the
algorithm given by Theorem B. Also, we make use of the notationOr,H

(
w(n)

)
to denote a function

with absolute value bounded byw(n) times a function ofr andH. Thus, the running time for
Algorithm A and Algorithm B can be expressed asOr,H

(
(log n)c2

)
andOr,H(log n), respectively.

2 The Proof of Theorem A

The following result is due to the authors [2].

Theorem C. There is an algorithm that has the following property: givenf(x) =
∑r

j=0 ajx
dj ∈

Z[x] of degreen > 1 and withr + 1 > 1 terms, the algorithm determines whetherf(x) has a
cyclotomic factor and with running time

(1) � exp
(
(2 + o(1))

√
r/ log(r + 1)(log(r + 1) + log log n)

)
log(H + 1)

asr tends to infinity, whereH denotes the height off(x).



The authors note in [2] that the algorithm can produce a value ofm as in (i) with the same
running time. Observe also that the bound given in (1) isOr,H

(
(log n)c2

)
for an appropriatec2 as

given in Theorem A.
Algorithm A begins then by taking the input polynomialf(x) and applying Algorithm C. If

f(x) has a cyclotomic factor, we obtainm as in (i). Asf(x) is not reciprocal,f(x) cannot be a
constant multiple of a cyclotomic polynomial. Hence,f(x) is reducible and (i) holds.

This part of the algorithm does not actually depend onf(x) being nonreciprocal. Algorithm C
relies on the fact that iff(x) has a cyclotomic factor, then one can determinem as in (i) with every
prime divisor ofm being≤ r + 1. Thus, it would not be difficult to factorm and computeφ(m) in
the running time required for Theorem A. Onceφ(m) is computed, then one can determine iff(x)
is a constant multiple of the cyclotomic polynomialΦm(x) by comparingφ(m) with n.

We suppose now thatf(x) does not have a cyclotomic factor. The next step in Algorithm A is
to determine whetherf(x) has a reciprocal factor. We shall do this by making use of Theorem B,
which we establish in the next section.

We compute

f̃(x) = xnf(1/x) =
r∑

j=0

ajx
n−dj .

Sincef(x) does not have a cyclotomic factor, we can apply Algorithm B to computeh(x) =
gcd

Z
(f(x), f̃(x)). Observe thath(x) is reciprocal and each reciprocal factor off(x) dividesh(x).

As f(x) is not reciprocal, we must havedeg h < deg f . If h(x) is not constant, thenf(x) is
reducible,h(x) is a non-constant reciprocal factor off(x) and (ii) holds ash(x) is a reciprocal
polynomial of largest possible degree dividingf(x). Otherwise,f(x) does not have a non-constant
reciprocal factor. Theorem B implies that this part of Algorithm A has running timeOr,H

(
log n

)
.

We are now left with considering the case thatf(x) does not have any non-constant reciprocal
factor. The basic idea here is to make use of the second author’s work in [6] (see also Theorem
74 in [8]). For a polynomialF

(
x1, . . . , xr, x

−1
1 , . . . , x−1

r

)
, in the variablesx1, . . . , xr and their

reciprocalsx−1
1 , . . . , x−1

r , we define

J F = xu1
1 · · · xur

r F
(
x1, . . . , xr, x

−1
1 , . . . , x−1

r

)
,

where eachuj is an integer chosen as small as possible so thatJ F is a polynomial inx1, . . . , xr.
In the way of examples, if

F = x2 + 4x−1y + y3 and G = 2xyw − x2z−3w − 12w,

then
J F = x3 + 4y + xy3 and J G = 2xyz3 − x2 − 12z3.

In particular, note that althoughw is a variable inG, the polynomialJ G does not involvew. We
call a multi-variable polynomialF (x1, . . . , xr) ∈ Q[x1, . . . , xr] reciprocal if

J F
(
x−1

1 , . . . , x−1
r

)
= ±F (x1, . . . , xr).

For example,x1x2 − x1 − x2 + 1 andx1x2 − x3x4 are reciprocal. Note that this is consistent with
our definition of a reciprocal polynomialf(x) ∈ Z[x].



To motivate the next result and begin our approach, we set

F (x1, . . . , xr) = arxr + · · · + a1x1 + a0 ∈ Z[x1, . . . , xr].

The plan is to associate the factorization off(x) = F (xd1 , xd2 , . . . , xdr) with the factorization of a
multi-variable polynomial of the form

J F
(
ym11

1 · · · ym1t
t , . . . , ymr1

1 · · · ymrt
t

)
,

where the number of variablest is ≤ r andmij ∈ Z for 1 ≤ i ≤ r and1 ≤ j ≤ t. The above
multi-variable polynomial can be expressed as

yu1
1 · · · yut

t F (ym11
1 · · · ym1t

t , . . . , ymr1
1 · · · ymrt

t ),

where

(2) uj = −min{m1j,m2j, . . . ,mrj} for 1 ≤ j ≤ t.

To make the connection with the factorization off(x), we want the matrixM = (mij) to be such
that

(3)




d1
...
dr


 = M




v1
...
vt




for some integersv1, v2, . . . , vt. In this way, the substitutionyj = xvj for 1 ≤ j ≤ t takes any
factorization

(4) yu1
1 · · · yut

t F (ym11
1 · · · ym1t

t , . . . , ymr1
1 · · · ymrt

t ) = F1(y1, . . . , yt) · · ·Fs(y1, . . . , yt)

in Z[y1, . . . , yt] into the form

(5) xu1v1+···+utvtF (xd1 , xd2 , . . . , xdr) = F1(x
v1 , . . . , xvt) · · ·Fs(x

v1 , . . . , xvt).

We restrict our attention to factorizations in (4) where theFi(y1, . . . , yt) are non-constant. We will
be interested in the case thats is maximal; in other words, we will want the right-hand side of (4)
to be a complete factorization of the left-hand side of (4) into irreducibles overQ. For achieving
the results in this paper, we want some algorithm for obtaining such a complete factorization of
multi-variable polynomials; among the various sources for this, we note that A. K. Lenstra’s work
in [3] provides such an algorithm. For the moment, though, we need not takes maximal.

Sincef(x) = F (xd1 , xd2 , . . . , xdr), the above describes a factorization off(x), except that we
need to take some caution as somevj may be negative so the expressionsFi(x

v1 , . . . , xvt) may not
be polynomials inx. For1 ≤ i ≤ s, definewi as the integer satisfying

(6) J Fi(x
v1 , . . . , xvt) = xwiFi(x

v1 , . . . , xvt).

We obtain from (5) that

xu1v1+···+utvt+w1+···+wsf(x) =
s∏

i=1

xwiFi(x
v1 , . . . , xvt).



The definition ofwi implies that this product is over polynomials inZ[x] that are not divisible by
x. The conditionsa0 6= 0 andd0 = 0 imposed onf(x) in the introduction imply thatf(x) is
not divisible byx. Hence, the exponent ofx appearing on the left must be0, and we obtain the
factorization

(7) f(x) =
s∏

i=1

xwiFi(x
v1 , . . . , xvt) =

s∏
i=1

J Fi(x
v1 , . . . , xvt).

The factorization given in (7) is crucial to our algorithm. As we are interested in the case that
f(x) has no non-constant reciprocal factor, we restrict our attention to this case. From (7), we see
that the polynomialsxwiFi(x

v1 , . . . , xvt) cannot have a non-constant reciprocal factor. There are,
however, still two possibilities that we need to consider for eachi ∈ {1, 2, . . . , s}:

(i′) Fi(y1, . . . , yt) is reciprocal.

(ii ′) J Fi(x
v1 , . . . , xvt) ∈ Z.

Although we will not need to know a connection between (i′) and (ii′), we show here that if (i′)
holds for somei, then (ii′) does as well. We consider then the possibility that

(8) J Fi

(
y−1

1 , . . . , y−1
t

)
= ±Fi(y1, . . . , yt).

In other words, suppose that

(9) ye1
1 · · · yet

t Fi

(
y−1

1 , . . . , y−1
t

)
= ±Fi(y1, . . . , yt),

whereej = ej(i) is the degree ofFi(y1, . . . , yt) as a polynomial inyj. Substitutingyj = xvj into
(9), we obtain

(10) xwi+e1v1+···+etvtFi

(
x−v1 , . . . , x−vt

)
= ±xwiFi

(
xv1 , . . . , xvt

)
.

By the definition ofwi, the polynomial on the right does not vanish at0. Assume (ii′) does not
hold. Letα be a zero of this polynomial. Then substitutingx = 1/α into (10) shows that1/α is
also a zero. On the other hand, we have already demonstrated in (7) that the right-hand side of (10)
is a factor off(x). This contradicts thatf(x) has no non-constant reciprocal factor. Hence, (ii′)
holds.

We make use of a special case of a result due to the second author in [6]. In particular, the more
general result implies that the above idea can in fact always be used to factorf(x) if f(x) has two
nonreciprocal irreducible factors. In other words, there exist a matrixM andvj satisfying (3) and
a factorization of the form (4) that leads to a non-trivial factorization off(x), if it exists, through
the substitutionyj = xvj . We are interested in the case thatf(x) has no non-constant reciprocal
factor. In this case, we can obtain a complete factorization off(x) into irreducibles.

Theorem 1. Fix
F = F (x1, . . . , xr) = arxr + · · · + a1x1 + a0,

where theaj are nonzero integers. There exists a finite computable set of matricesS with integer

entries, depending only onF , with the following property: Suppose the vector
−→
d = 〈d1, d2, . . . , dr〉



is in Zr with dr > dr−1 > · · · > d1 > 0 and such thatf(x) = F (xd1 , xd2 , . . . , xdr) has no non-
constant reciprocal factor. Then there is anr×t matrixM = (mij) ∈ S of rankt ≤ r and a vector−→v = 〈v1, v2, . . . , vt〉 in Zt such that (3) holds and the factorization given by (4) inZ[y1, . . . , yt] of
a polynomial int variablesy1, y2, . . . , yt as a product ofs irreducible polynomials overQ implies
the factorization off(x) given by (7) as a product of polynomials inZ[x] each of which is either
irreducible overQ or a constant.

We are ready now to apply the above to assist us in Algorithm A. As suggested by the statement
of Theorem 1, we take the coefficientsaj of f(x) and consider the multi-variable polynomial
F = F (x1, . . . , xr). We compute the setS. SinceF is a linear polynomial withr + 1 terms
and heightH, the time required to computeS is Or,H(1). Sincef(x) = F (xd1 , . . . , xdr) has no
non-constant reciprocal factors, there is a matrixM = (mij) ∈ S of rankt ≤ r and a vector−→v in
Zt as in Theorem 1. We go through each of theOr,H(1) matricesM in S and solve for the vectors
−→v = 〈v1, v2, . . . , vt〉 in Zt satisfying

−→
d = M−→v , wheret is the number of columns inM and we

interpret
−→
d and−→v as column vectors. From the definition ofS, we have that the rank ofM is t

andt ≤ r. Hence, there can be at most one such vector−→v for eachM ∈ S. However, for each
−→
d ,

there may be manyM ∈ S and−→v for which
−→
d = M−→v , and we will consider all of them.

We make use of the following simple result in this section and the next.

Theorem D. There is an algorithm with the following property. Given anr×t integral matrixM =

(mij) of rank t ≤ r andmax{|mij|} = Or,H(1) and given an integral vector
−→
d = 〈d1, . . . , dr〉

with max{|dj|} = Or,H(n), the algorithm determines whether there is an integral vector−→v =
〈v1, . . . , vt〉 for which (3) holds, and if such a−→v exists, the algorithm outputs the solution vector−→v . Furthermore,max{|vj|} = Or,H(n) and the algorithm runs in timeOr,H(log n).

Proof. There are a variety of ways we can determine if
−→
d = M−→v has a solution and to determine

the solution if there is one within the required timeOr,H(log n). We use Gaussian elimination.
Performing elementary row operations onM and multiplying by entries from the matrix as one
proceeds to use only integer arithmetic allows us to rewriteM in the form of ar × t matrix
M ′ = (m′

ij) with eachm′
ij ∈ Z and the firstt rows ofM ′ forming at × t diagonal matrix with

nonzero integers along the diagonal. These computations only depend on the entries ofM and,
hence, take timeOr,H(1). We perform the analogous row operations and integer multiplications

on the vector
−→
d = 〈d1, d2, . . . , dr〉 to solve

−→
d = M−→v for −→v . As the entries ofM are integers

that areOr,H(1) and eachdj is an integer that isOr,H(n), these operations take timeOr,H(log n).

We are thus left then with an equation of the form
−→
d′ = M ′−→v where the entries ofM ′ are integers

that areOr,H(1) and the components of
−→
d′ = 〈d′

1, d
′
2, . . . , d

′
r〉 are integers that areOr,H(n).

For eachj ∈ {1, 2, . . . , t}, we check ifd′
j ≡ 0 (mod m′

jj). If for somej ∈ {1, 2, . . . , t} we

haved′
j 6≡ 0 (mod m′

jj), then a solution to the original equation
−→
d = M−→v , if it exists, must be

such thatvj 6∈ Z. In this case, an integral vector−→v does not exist. Now, suppose instead that
d′

j ≡ 0 (mod m′
jj) for everyj ∈ {1, 2, . . . , t}. Then we divided′

j by m′
jj to determine the vector

−→v . This vector may or may not be a solution to the equation
−→
d = M−→v . We check whether it is by

a direct computation. If it is not a solution to the equation
−→
d = M−→v , then there are no solutions to

the equation. Otherwise,−→v is an integral vector satisfying
−→
d = M−→v . Checking whetherd′

j ≡ 0

(mod m′
jj) for 1 ≤ j ≤ t, solving for−→v if it holds, and checking whether

−→
d = M−→v all takes



timeOr,H(log n). We also haveOr,H(n) as a bound for the absolute value of the componentsvj of−→v . We output−→v if it exists which takes timeOr,H(log n). Combining the running times above,
the theorem follows.

Algorithm D is performed for each of theOr,H(1) matricesM in S. The running time for each
application of Theorem D isOr,H(log n), so the total running time spent applying Algorithm D for
the variousOr,H(1) matrices inS is Or,H(log n). This leads toOr,H(1) factorizations of the form
given in (4) into irreducibles, each having a potentially different value fors. For each of these,
we compute the values ofFi

(
xv1 , . . . , xvt

)
and determinewi as in (6). We produce thenOr,H(1)

factorizations off(x) as in (7). As we obtain these factorizations, we keep track of the number
of non-constant polynomialsxwiFi

(
xv1 , . . . , xvt

)
appearing in (7). We choose a factorization for

which this number is maximal. Recalling that (7) follows from
−→
d = M−→v and (4), we deduce from

Theorem 1 that the factorization off(x) we have chosen provides a factorization off(x) with each
xwiFi

(
xv1 , . . . , xvt

)
either irreducible or constant. Recalling that the polynomialsFi(y1, . . . , yt) in

(4) are independent ofn and that the components of−→v are bounded in absolute value byOr,H(n),
we see that producing the factorization off(x) into irreducibles and constants as in (7) takes
time Or,H(log n). For a factorization off(x) into irreducibles overQ, we multiply together the
constants appearing on the right of (7) and one of the irreducible polynomialsJ Fi

(
xv1 , . . . , xvt

)
.

This does not affect the bound given for the running time of Algorithm A.
Thus, we have demonstrated an algorithm for Theorem A as stated in the introduction and justi-

fied that the algorithm satisfies the statement of Theorem A as well as (i), (ii) and (iii). Combining
the above running time estimates, we deduce that the algorithm also has the stated running time
bound given in Theorem A.

3 The Proof of Theorem B

As mentioned in the introduction, our proof of Theorem B relies heavily on the recent work of
Bombieri and Zannier outlined by Zannier in an appendix in [8]. In particular, as a direct conse-
quence of their more general work, we have

Theorem 2. Let
F (x1, . . . , xk), G(x1, . . . , xk) ∈ Q[x1, . . . , xk]

be coprime polynomials. There exists an effectively computable numberB(F,G) with the follow-
ing property. If−→u = 〈u1, . . . , uk〉 ∈ Zk, ξ 6= 0 is algebraic and

F (ξu1 , . . . , ξuk) = G(ξu1 , . . . , ξuk) = 0,

then eitherξ is a root of unity or there exists a nonzero vector−→v ∈ Zk having components bounded
in absolute value byB(F,G) and orthogonal to−→u .

It is important for our algorithm that the quantitiesB(F,G) are effectively computable. We
note that the factB(F,G) is effectively computable is not explicitly stated in the appendix of [8],
but U. Zannier (private communication) has pointed out that the approach given there does imply
that this is the case. The more recent paper [1] notes explicitly thatB(F,G) can be calculated.



Our description of Algorithm B has similarities to the second author’s application of Theorem 2
in [7] and [8]. In particular, we make use of the following lemma which is Corollary 6 in Appendix
E of [8]. A proof is given there.

Lemma 1. Let ` be a positive integer and−→v ∈ Z` with −→v nonzero. The lattice of vectors−→u ∈
Z` orthogonal to−→v has a basis−→v1

′,−→v2
′, . . . ,−−→v`−1

′ such that the maximum absolute value of a
component of any vector−→vj

′ is bounded bỳ/2 times the maximum absolute value of a component
of−→v .

For our algorithm, we can suppose thatf(x) does not have a cyclotomic factor and do so. We
consider only the case thatf(0)g(0) 6= 0 as computinggcd

Z
(f(x), g(x)) can easily be reduced to

this case by initially removing an appropriate power ofx from each off(x) andg(x) (that is, by
subtracting the least degree of a term from each exponent). This would need to be followed up by
possibly multiplying by a power ofx after our gcd computation.

We furthermore only consider the case that the content off(x), that is the greatest common
divisor of its coefficients, and the content ofg(x) are 1. Otherwise, we simply divide by the
contents before proceeding and then multiply the final result by the greatest common divisor of the
two contents.

We express our two polynomials in the form

f(x) =
k∑

j=0

ajx
dj and g(x) =

k∑
j=0

bjx
dj ,

where above we have possibly extended the lists of exponents and coefficients describingf(x)
andg(x) so that the exponent lists are identical and the coefficient lists are allowed to include
coefficients which are0. Also, we takedk > dk−1 > · · · > d1 > 0. Thus,d0 = 0, a0b0 6= 0 and
k ≤ 2r. The time required to modifyf(x) andg(x) so that they are not divisible byx and have
content1 and to adjust the exponent and coefficient lists as above isOr,H(log n).

Before continuing with the algorithm, we motivate it with some discussion. Letw(x) denote
gcd

Z
(f(x), g(x)). We will apply Theorem 2 to construct two finite sequences of polynomials in

several variablesFu andGu with integer coefficients and a corresponding finite sequence of vectors−→
d (u) that will enable us to determine a polynomial inZ[x] that has the common zeros, to the correct
multiplicity, of f(x) andg(x). This then will allow us to computew(x).

Let ξ be a zero ofw(x), if it exists. Observe thatξ 6= 0, and sinceξ is a zero off(x) which
has no cyclotomic factors, we haveξ is not a root of unity. Sinceξ is a common zero off(x) and
g(x), we have

k∑
j=0

ajξ
dj =

k∑
j=0

bjξ
dj = 0.

We recursively constructFu, Gu and
−→
d (u), for 0 ≤ u ≤ s, wheres is to be determined, beginning

with

(11) F0 = F0(x1, . . . , xk) =
k∑

j=0

ajxj and G0 = G0(x1, . . . , xk) =
k∑

j=0

bjxj.



and
−→
d (0) = 〈d1, d2, . . . , dk〉. As u increases, the number of variables definingFu andGu will

decrease. The value ofs then will be≤ k. Observe that

F0(x
d1 , . . . , xdk) = f(x) and G0(x

d1 , . . . , xdk) = g(x).

We deduce thatF0 andG0, being linear, are coprime inQ[x1, . . . , xk] and that

(12) F0(ξ
d1 , . . . , ξdk) = G0(ξ

d1 , . . . , ξdk) = 0.

Now, suppose for someu ≥ 0 that nonzero polynomialsFu andGu in Z[x1, . . . , xku ] and a
vector

−→
d (u) = 〈d(u)

1 , . . . , d
(u)
ku

〉 ∈ Zku have been determined, whereku < ku−1 < · · · < k0 = k.
Furthermore, suppose thatFu andGu are coprime inQ[x1, . . . , xku ] and that we have at least one
zeroξ of w(x) such that

(13) Fu

(
ξd

(u)
1 , . . . , ξd

(u)
ku

)
= Gu

(
ξd

(u)
1 , . . . , ξd

(u)
ku

)
= 0.

In particular,ξ 6= 0 andξ is not a root of unity. Note that thed(u)
j may be negative. We will require

(14) J Fu(x
d
(u)
1 , . . . , xd

(u)
ku ) | f(x) and J Gu(x

d
(u)
1 , . . . , xd

(u)
ku ) | g(x).

Observe thatJ Fu(x
d
(u)
1 , . . . , xd

(u)
ku ) and f(x) are inZ[x]. We take (14) to mean that there is a

polynomialh(x) ∈ Z[x] such that

f(x) = h(x) · J Fu(x
d
(u)
1 , . . . , xd

(u)
ku )

with an analogous equation holding forg(x) andJ Gu(x
d
(u)
1 , . . . , xd

(u)
ku ). In particular, we want

J Fu(x
d
(u)
1 , . . . , xd

(u)
ku ) andJ Gu(x

d
(u)
1 , . . . , xd

(u)
ku ) to be nonzero. Note that these conditions which

are being imposed onFu and Gu are satisfied foru = 0 providedw(x) is not constant. For
0 ≤ u < s, we describe next how to recursively constructFu+1 and Gu+1 having analogous
properties. The specifics of the algorithm and its running time will be discussed later.

There is a computable boundB(Fu, Gu) as described in Theorem 2. We deduce that there is a
nonzero vector−→v = 〈v1, v2, . . . , vku〉 ∈ Zku such that each|vi| ≤ B(Fu, Gu) and−→v is orthogonal

to
−→
d (u). From Lemma 1, there is aku × (ku − 1) matrixM with each entry ofM having absolute

value≤ kuB(Fu, Gu)/2 and such that
−→
d (u) = M−→v (u) for some−→v (u) ∈ Zku−1, where we view

the vectors as column vectors. We define integersmij (written alsomi,j) andv
(u)
j , depending onu,

by the conditions

M =




m11 · · · m1,ku−1
...

...
...

mku1 · · · mku,ku−1


 and −→v (u) = 〈v(u)

1 , . . . , v
(u)
ku−1〉.

The relations
xi = ymi1

1 · · · ymi,ku−1

ku−1 for 1 ≤ i ≤ ku



transform the polynomialsFu(x1, . . . , xku) andGu(x1, . . . , xku) into polynomials in some, possi-
bly all, of the variablesy1, . . . , yku−1. These new polynomials we callFu andGu, respectively.
More precisely, we define

(15) Fu(y1, . . . , yku−1) = J Fu

(
ym11

1 · · · ym1,ku−1

ku−1 , . . . , y
mku1

1 · · · ymku,ku−1

ku−1

)

and

(16) Gu(y1, . . . , yku−1) = J Gu

(
ym11

1 · · · ym1,ku−1

ku−1 , . . . , y
mku1

1 · · · ymku,ku−1

ku−1

)
.

The polynomialsFu andGu will depend on the matrixM so that there may be many choices for
Fu andGu for eachFu andGu. We need only consider one suchFu andGu and do so. Note
that this still may require considering variousM until we find one for which

−→
d (u) = M−→v (u) is

satisfied for some−→v (u) ∈ Zku−1. The equation
−→
d (u) = M−→v (u) implies that for some integers

ef (u) andeg(u) we have

(17) Fu

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
= xef (u)Fu

(
xd

(u)
1 , . . . , xd

(u)
ku

)

and

(18) Gu

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
= xeg(u)Gu

(
xd

(u)
1 , . . . , xd

(u)
ku

)
.

In particular,Fu andGu are nonzero. Also,

(19) J Fu

(
xv

(u)
1 , . . . , xv

(u)
ku−1

) | f(x) and J Gu

(
xv

(u)
1 , . . . , xv

(u)
ku−1

) | g(x).

Furthermore, withξ as in (13), we have

Fu

(
ξv

(u)
1 , . . . , ξv

(u)
ku−1

)
= Gu

(
ξv

(u)
1 , . . . , ξv

(u)
ku−1

)
= 0.

The idea is to suppress the variables, if they exist, which do not occur inFu andGu and the
corresponding components of−→v (u) to obtain the polynomialsFu+1 andGu+1 and the vector

−→
d (u+1)

for our recursive construction. However, there is one other matter to consider. The polynomials
Fu andGu may not be coprime, and we requireFu+1 andGu+1 to be coprime. Hence, we adjust
this idea slightly.

Let

(20) Du = Du(y1, . . . , yku−1) = gcd
Z
(Fu,Gu) ∈ Z[y1, . . . , yku−1].

Recall thatf(0)g(0) 6= 0. Hence, (17), (18) and (19) imply thatJ Du

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
divides

gcd
Z
(f, g) in Z[x]. We define

(21) Fu+1 =
Fu(y1, . . . , yku−1)

Du(y1, . . . , yku−1)
and Gu+1 =

Gu(y1, . . . , yku−1)

Du(y1, . . . , yku−1)
,

and setku+1 ≤ ku − 1 to be the total number of variablesy1, . . . , yku−1 appearing inFu+1 and
Gu+1. Note thatFu+1 andGu+1 are coprime and that (14) holds withu replaced byu + 1 and the
appropriate change of variables.



We describe next how the recursive construction will end. Suppose we have just constructed
Fu, Gu and

−→
d (u) and proceed as above to the next step of constructingFu+1, Gu+1 and

−→
d (u+1).

At this point,Du−1 will have been defined but notDu. We want to findM and a−→v (u) such that−→
d (u) = M−→v (u) whereM is aku × (ku − 1) matrix with entries bounded in absolute value by
kuB(Fu, Gu)/2. So we computeB(Fu, Gu) and the boundkuB(Fu, Gu)/2 on the absolute values
of the entries ofM. We consider suchM and apply Algorithm D to see if there is an integral
vector−→v (u) for which

−→
d (u) = M−→v (u). Once such anM and−→v (u) are found, we can proceed

with the construction ofFu+1 andGu+1 given above. On the other hand, it is possible that no such
M and−→v (u) will be found. Given Theorem 2, this will be the case only if the supposition that
(13) holds for some zeroξ of w(x) is incorrect. In particular, (13) does not hold for some zeroξ of
w(x) if Fu andGu are coprime polynomials in< 2 variables (i.e.,ku ≤ 1), but it is also possible
that (13) does not hold for someu with Fu andGu polynomials in≥ 2 variables (i.e.,ku ≥ 2).
Given thatM is aku × (ku − 1) matrix, we consider it to be vacuously true that noM and−→v (u)

exist satisfying
−→
d (u) = M−→v (u) in the case thatku ≤ 1. If no suchM and−→v (u) exist, we consider

the recursive construction of the polynomialsFu andGu complete and sets = u. We will want the
values ofDu for every1 ≤ u ≤ s − 1, so we save these as we proceed.

The motivation discussed above can be summarized into a procedure to be used for Algorithm B
as follows. Beginning withF0 and G0 as in (11) and

−→
d (0) = 〈d1, . . . , dk〉, we construct the

multi-variable polynomialsFu andGu and vectors
−→
d (u) = 〈d(u)

1 , . . . , d
(u)
ku

〉 ∈ Zku recursively.

GivenFu, Gu and
−→
d (u), we computeB(Fu, Gu) and search for aku × (ku − 1) matrixM with

integer entries having absolute value≤ kuB(Fu, Gu)/2 for which
−→
d (u) = M−→v (u) is solvable

with −→v (u) = 〈v(u)
1 , . . . , v

(u)
ku−1〉 ∈ Zku−1. We check for solvability and determine the solution−→v (u)

if it exists by using Algorithm D. If no suchM and−→v (u) exist, then we sets = u and stop our
construction. Otherwise, once such anM = (mij) and−→v (u) are determined, we defineFu+1 and
Gu+1 using (15), (16), (20) and (21). After using (21) to constructFu+1 andGu+1, we determine
the variablesy1, . . . , yku−1 which occur inFu+1 andGu+1 and define

−→
d (u+1) as the vector with

corresponding components fromv(u)
1 , . . . , v

(u)
ku−1; in other words, ifyj is theith variable occurring

in Fu+1 andGu+1, thenv
(u)
j is theith component of

−→
d (u+1).

For the running time for this recursive construction, note that for a fixedu, there areOr,H(1)
choices forM and, hence, a total ofOr,H(1) possible values forFu+1 andGu+1 independent of

the value of
−→
d (u). In other words, without even knowing the values ofd1, . . . , dk, we can use

Theorem 2 to deduce that there are at mostOr,H(1) possibilities forF1 andG1. For each of these
possibilities, another application of Theorem 2 implies that there are at mostOr,H(1) possibilities
for F2 andG2. And so on. Ass ≤ k ≤ 2r, we deduce that the total number of matricesM
that we need to consider during the recursive construction is bounded byOr,H(1). The recursive

construction depends onn only when applying Theorem D to see if
−→
d (u) = M−→v (u) holds for some−→v (u) and to determine−→v (u) if it exists. For a fixedM, Theorem D implies that these computations

can be done in timeOr,H(log n). As the total number ofM to consider is bounded byOr,H(1), we

deduce that the recursive construction of theFu, Gu and
−→
d (u) takes timeOr,H(log n).

As we proceed in our recursive construction of theFu and Gu, an important aspect of the
construction is that themij are bounded in absolute value byOr,H(1) and, hence, the coefficients
and exponents appearing inFu andGu are bounded byOr,H(1). In other words,Fu andGu can



be written in timeOr,H(1). Another important aspect of the construction is to note that as we are

dividing by Du to constructFu+1 andGu+1, we obtain not simply thatJ Du

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
dividesgcd

Z
(f, g) in Z[x] but also

(22)
u∏

j=0

J Dj

(
xv

(j)
1 , . . . , x

v
(j)
kj−1

)
divides gcd

Z
(f, g) in Z[x].

This can be seen inductively by observing that

(23) J Fu

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
=

f(x)
u−1∏
j=0

J Dj

(
xv

(j)
1 , . . . , x

v
(j)
kj−1

)

and

(24) J Gu

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
=

g(x)
u−1∏
j=0

J Dj

(
xv

(j)
1 , . . . , x

v
(j)
kj−1

) .

Algorithm B ends by making use of the identity

(25) gcd
Z

(
f(x), g(x)

)
=

s−1∏
u=0

J Du

(
xv

(u)
1 , . . . , xv

(u)
ku−1

)
.

We justify (25). Recall that we have denoted the left side byw(x). Observe that (22) implies that
the expression on the right of (25) dividesw(x). By the definition ofs, when we arrive atu = s in
our recursive construction, (13) fails to hold for every zeroξ of w(x). Therefore, takingu = s− 1
in (21), (23) and (24) implies that the right-hand side of (25) vanishes at all the zeros ofw(x) and
to the same multiplicity. As noted earlier, we are considering the case that the contents off(x)
andg(x) are1. We deduce that (25) holds. Observe that the computation ofgcd

Z

(
f(x), g(x)

)
by expanding the right side of (25) involvesOr,H(1) additions of exponents of sizeOr,H(n). This
computation can be done in timeOr,H(log n). Theorem B follows.
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